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1.  INTRODUCTION 


The  standard  optimum  properties  like  UMP,  UMPU,  UMPS,  UMPI,  of  the 
familiar  Student's  t-test  for  testing  the  significance  of  the  mean  of  a 
univariate  normal  population  with  unknown  variance  against  one-sided  or 
both-sided  alternatives  are  well-known.  See,  for  example,  Lehmann  (1959). 

In  this  paper  w«+show  ^mainly  without  invariance  that  the  t-test  continues 
to  be  optimum  when  normality  is  replaced  by  a  class  of  el  1 i pti cal  1 y  sym¬ 
metric  distributions,  thereby  establishing  optimality  robustness  of  the 
t-test.  To  fix  ideas,  let  x  =  ( x ^ ,  ...,  x  )'  ~  N(yl,o  In),  a  >  0  unknown, 
and  consider  the  problem  of  testing  HJ:  y  =  0  versus  H*:  y  >  0  or  H£:  y  f  0. 
Define  the  one-sided  t-test  and  two-sided  t-test  respectively  by 


♦  j(x) 


1  if  v  >  c 


|  0  otherwise 


1  if  j v |  >  d 
0  otherwise 


(1.1) 


(1.2) 


where  v  =  x'l/||x||  j]  1 1{  ,  ||x||  =  (IjX?)*^,  ||l||=  n^.  It  is  proved  in 
Lehmann  and  Stein  (1948)  that 

(a)  for  <_  a  <  1,  is  UMP  for  Hg  versus  however, 

(b)  no  UMP  test  exists  for  HJ  versus  for  0  <  a  <  On  the  other  hand, 
it  is  trivial  that 

(c)  <*> j  is  UMPI  for  H*  versus  H*  while 

(d)  2  is  both  UMPS  and  UMPI  for  H*  versus  H*. 

In  the  sequel,  we  assume  that  x  has  a  density  of  the  form 


for  some  q  6  Q  given  by 


Q  =  { q | q  :  (0,») 


(1.4) 


In  what  follows  we  mostly  assume  that  both  a  and  q  in  (1.3)  are  un¬ 


known,  and  consequently  define  the  three  classes  of  densities  on  R  : 


F0(y)  =  ( f  |  f  (x)  =  q  ( 1 1  x  -  yl||2  ),  q  e  Q)  (1.5) 

Fj(u)  =  { f | f  e  Fq(u).  q  nonincreasing} 

F2(m)  =  { f  |  f  e  F^u),  q  convex}. 


The  restrictions  of  nonincreasingness  and  convexity  imposed  on  q  in  (1.5) 
above  are  standard  in  robustness  study  (see  Kariya  (1981)).  Clearly 
F2(u)c  Fj(u)  c  Fg(u)  for  all  real  y.  Denote  the  density  of  x  by  h(x)  and 
consider  the  testing  problems 

Hq:  h  e  F0(0)  versus  Kg :  h  6  Fg(u).  y  >  0  unknown  (1.6) 

Hj :  h  e  Fj(0)  versus  K^:  h  e  Fj(u)»  y  >  0  unknown 

H2:  h  e  F2(°)  versus  l<2 :  h  e  F2('J)*  u  f  0  unknown. 

Note  the  very  general  nature  of  both  null  and  alternative  hypotheses  in 
(1.6)  which  are  essentially  nonparametric.  We  define  by  the  class  of 
level  a  tests  under  H. ,  i  =  0,  1,  2,  defined  as 

C?  =  { <j>  6  C°|E^  <_  a  for  all  f  6  F.(0)},  0  <  a  <  1,  (1.7) 

where  C01  denotes  the  class  of  all  level  a  tests  on  Rn.  It  then  follows 
that  Cj  o  q  c  become  F2(o)  «=  Fj(0)  c  FQ(0). 

There  are  some  results  in  the  literature  for  the  testing  problems 
similar  to  (1.6).  Lehmann  and  Stein  (1949)  proved  that  (eHj  is  UMP  for 
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testing  Hq  versus  h  is  N(yl,c  I  ),  y  >  0  unknown.  Kariya  and  Eaton  (1977) 

proved  that  (fHj  is  UMP  for  testing  Hq  versus  while  (g is  UMPS  for 
testing  Hq  versus  .  It  is  interesting  to  note  the  implications  of  these 
results.  Clearly  (f)  is  stronger  than  (e) .  Moreover,  the  class  of  level 
a  tests  for  which  <$>j  is  UMP  in  (e)  is  precisely  C“  and  not  =  Pi  C“(a2) 

o2>0 

which  is  relevant  in  (b).  Here  C“(c^)  =  { 4>  €  ca |E[<t>|N(0,a2In)]  <_  a) ,  and 
is  clearly  much  bigger  than  C“.  The  same  is  true  for  the  optimality 
properties  in  (f)  and  (g)  in  that  they  hold  only  in  c“.  For  example,  the 
UMP  property  of  in  (f)  simply  means  that  for  any  f(*|y)  e  F^(y)  and 

y  >  0, 

E  14>!  |  f(  *  |u)  1  >  EU|f(.|y)]  for  all  ♦  e  Cj  (1.8) 

but  it  does  not  mean  that  for  a  fixed  h(*|y)  6  ^(w),^  is  UMP  for  testing 

H^(h):  y  =  0  versus  Kj(h):  y  >  0  (1.9) 

in  the  class  of  level  a  tests  under  the  fixed  h  defined  as 

Ca(h)  =  {*  e  Ca  |  E[  <t>  |  h(  •  |  0) )  <  a).  (1.10) 

It  is,  therefore,  evident  that  in  the  consideration  of  optimality  robustness, 

it  is  essential  to  clearly  specify  the  class  in  which  optimality  holds. 

It  is  the  object  of  this  paper  to  strengthen  the  results  in  (f)  and 
(g).  We  prove  in  Section  2  that  for  each  fixed  h  e  F^(y),  is  UMP  for 

testing  y  =  0  versus  y  •  0,  i.e.  for  the  problem  (1.9),  in  the  class  of 
conditional  level  »  tests  given  w  =  ||x|!  ,  which  is  a  subclass  of  C'l(h) 

given  in  (1.10)  above.  Also,  the  class  is  shown  to  be  the  intersection 
of  the  classes  of  conditional  level  a  tests  over  h  e  F^(0).  These  two 
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results  imply  (f).  Further,  when  |  <_  a  <  1,  4^  is  shown  to  be  UMP  in  jj 

C  -  C.  C01  ( h ) .  In  Sect  ion  3,  it  is  shown  that,  for  each  fixed  I 

a  hcF1(0) 

h  6  F^(u),  <$> 2  is  UMP  for  testing  u  =  0  versus  u  f  0  in  the  class  of  con¬ 
ditional  similar  level  a  tests  satisfying  a  certain  condition.  This  result 
is  stronger  than  (g).  Finally,  in  Section  4,  some  properties  of  the  t-test 
with  invariance  are  pointed  out.  ! 

The  following  result,  which  is  very  basic  and  whose  proof  is  omitted, 
is  useful  for  our  purpose. 

PROPOSITION  1.  Let  h  e  Pq(u)  be  the  density  of  x,  where  h(x)  = 
q(  ]1  x  -  ,il||2).  Then 

(1)  (v,w)  is  a  sufficient  statistic  for  h.  ( 

(2)  The  joint  density  of  (v,w)  is  given  by  ' 

g(v,w;  u)  =  CQq(w  -  2  Svi  v  /n  p  +  np2)r0(v)wny,2_1 
wi  th  ! 

rQ(v)  =  2[B(-jy,  ^)]_1(1  -  v2)(n-3^2  | 

where  cQ  =  {r(-^) }n/r(n/2)  and  B(a,b)  denotes  the  Beta  function. 

(3)  When  u  =  0,  v  and  w  are  independent  with  density  rQ(v)rj(w)  where  1 

(w)  =  c0wn//2_1q(w} . 

By  (1)  of  the  above  proposition,  without  loss  of  generality  we  can  re¬ 
strict  the  class  of  tests  for  problems  (1.6)  to  the  one  based  on  (v.w).  We 
denote  this  class  by  V  in  the  rest  of  the  paper.  | 
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2.  ONE-SIDED  TESTING  PROBLEMS 

As  mentioned  above,  in  this  section  we  consider  the  following  one¬ 
sided  testing  problems: 

For  a  fixed  h  e  Fj(y),  y  =  0  versus  y  >  0  (2.1) 

Hq:  h  e  F0(0)  versus  K^:  h  e  F^(y),  y  >  0  unknown  (2.2) 

Hj :  h  6  Fj(0)  versus  Kj :  h  6  F^(y),  y  >  0  unknown.  (2.3) 

Note  that  the  classes  of  level  a  tests  relevant  for  these  problems  are 

respectively  Ca(h),  Cg  and  c“  defined  in  (1.10)  and  (1.7).  Of  course,  by 
Proposition  1,  any  test  function  4> ( x )  belonging  to  these  classes  is  essen¬ 
tially  of  the  form  <t»(v,w).  Let  Eg(»)  denote  the  expectation  of  •  with  re¬ 
spect  to  the  density  rQ(v)  of  v  given  in  (2)  of  Proposition  1  and  let 
a.a.(w.h)  denote  "almost  all  w  with  respect  to  the  density  r^(w)  of  w"  given 
in  (4)  where  r^  depends  on  h.  Also,  let 

t?a(h)  =  4  e  paU(v,w)  e  Ca(h)},  h  e  F1(0)  (2.4) 

0“  =  4  e  Pa|<t>(v,w)  6Cj),  i  =0,1 

where  Va  denotes  the  class  of  level  a  tests  based  on  (v,w). 

Our  first  main  result  is  the  following. 

THEOREM  2.1.  For  problem  (2.1),  the  test  ^  defined  in  (1.1)  is  UMP 
in  the  class  of  conditional  level  a  tests 

Ka( h)  =  4  6  Va(h)  |  Eg[<j>(v  ,w)  ]  <  c  a  .a .  (w,h) } . 


(2.5) 


0. 


Proof.  Write  h(x)  =  q(!lx-  u  1 !  [ 2  )  in  F^y)  and  fix  y  =  y 

From  (2)  of  Proposition  1,  the  conditional  density  of  v  given  w  is  given 
f  l 

by  g(v,w;  y,  )/  g(v,w;  y.)dv.  Using  the  nonincreasing  property  of  q  and 
1  J-l  1 

and  applying  the  Neyman-Pearson  Lemma,  it  follows  that  the  test  with  the 
critical  region  v  >  c(w)  is  MP  in  the  class  (2.5).  But,  when  y  =  0,  v  and 
w  are  independent  from  (3)  of  Proposition  1.  Therefore,  c(w)  is  indepen¬ 
dent  of  w.  Finally,  rg(v)  being  independent  of  q,  the  above  test  coincides 
with  and  is  UMP  in  (2.5),  thus  completing  the  proof. 

Remark  2.1.  It  is  important  to  note  that  ^  is  UMP  only  in  Ka(h) 
but  not  in  Pa(h).  In  fact,  no  UMP  test  exists  in  Pa(h)  because  an  MP  test 
for  a  fixed  y  =  >0  in  general  depends  on  both  q  and  y..  However,  the 

above  result  implies  (f)  as  demonstrated  below. 

Let 

=  P  K°(h),  i  =  0,  1.  (2.6) 

heF.(O) 

LEMMA  2.1.  (1)  Pg  =  fCjJ.  (2)  Pg  =  ((‘J  . 

Proof.  If  ip  e  K®,  then  <P  e  Ka(  h)  for  all  h  e  Fg(0)  which  implies 

Eg(f(v,w)]  <_  a,  a.a.(w.h)  for  any  h  e  Fg(0).  This  immediately  gives 

E[f(v,w)|h]  <  oi  for  all  h  e  Fg(0)  so  that  4>  e  Pg.  To  show  the  converse, 

suppose  p  6  Pg  and  there  exists  h^  a  Fg(0)  such  that  h^  qives  positive  mass 
to  the  set  S  =  (w  >  0 1  Eg  ( v  ,w)  ]  >  a}.  Clearly  S  is  independent  of  any 
h  e  Fg ( 0 )  since,  Dy  Proposition  1,  the  density  of  v  under  ..  -  0  is  rg(v). 
independent  of  h.  Denote  by  r^(w)  the  marginal  density  or  w  under  h^ 
which  is  of  the  form  given  in  (3)  of  Proposition  1.  Since  r^(w)  is  abso¬ 
lutely  continuous  with  respect  to  Lebesgue  measure,  S  has  a  positive  Lebesgue 


measure,  which  in  turn  implies  that  S  contains  a  bounded  nonempty  open 

t  ..„2, 


set  A.  Now  define  a  density  on  Rn  by  h^(x)  =  I^(  ||  xj|  )/J  n^(!!x!l  )dx 


where  I^f*)  denotes  the  indicator  function  of  the  set  A.  Obviously, 


h,,  €  fq(0)  and  h^  gives  the  whole  mass  to  the  set  A.  Therefore, 


E  [  ;  h^  ]  =  E  ■'  Eg  [$>  ( v  ,w)  ]  '  r^}  >  u  where  r^(w)  is  the  density  of  w  under  h^, 


This  implies  i  i  Vq,  a  contradiction.  This  proves  (1). 


To  prove  (2),  note  that  Cq  c  ^  by  (l)  and  the  fact  that  F  (0)  c  F^(C 
To  show  the  converse,  suppose  ;  e  which  means  E[f|hj  <_  i  for  all  heF.(C 


2  2 

By  the  completeness  of  w  for  the  family  ;N(0,~  I  ) 1  -  >  0-  whose  densities 


are  included  in  F  (0),  we  get  Eq(:(v,w)]  ^  j,  a .e .  (Lebesgue),  implying 


;  e  Ut.  This  proves  (2). 


As  a  by-product,  we  get  the  following  interesting  facts. 


COPQLLAPy  2.1.  For  problem  (2.1),  ; ^  is  UMP  in  -  Vq .  For  prcb'er 


(2.2) ,  is  UMP  in  V* 


Next  we  consider  problem  (2.3).  Note  that  although  the  a1 terra* i ves 


for  the  two  problems  '2.2)  and  (2.2,  are  the  same  *he  rii"  '  .  *  ’  e:  *• 


and  h  are  different  as  pointed  out  below. 


LEMMA  2.2, 


|V*  £ 

1  f  ~  1 1  ■ 


Prof 


Since 


r  (  n 


,  ’  *  ’  s  (..leaf  r  ►  n  * 


tes*  :  t  I'j  but.  (  :'L , 


<  «  < 


a  , 


otherwise.  ’her  *c,r  * 
we  ge  * 


F,  i:  'w 


W  C  -  W 


i  W  "J  W 


since  q(l)  <_  1  because  q(;  ,x  L')dx  =  1  and  q  is  e--  -  • '  ■ 
for  sufficiently  small  a  >  0,  E^[:fw)j  ■_  *  for  a’’  *  e 
hand,  defining  f^(x)  =  Ig(  x  ^)/  1^'  >  d«  *  "  i 
it  is  clear  that  f.(x)  e  F^(0)  but  t  l,'o  ,  a1"  :  4  •  « 

the  proof. 

In  view  of  the  above  lemma,  ’*  w.  Va*  a 


for  problem  (2.2  ,  ,he  sane  nee:  r 


r  e  •  ■  o- 


:ac  *  ,  we  show  be  1  ••  w  ''  a’  "  e  . . 


t.eo  '  *  ' 


we  ■'  e 


'  \  t  r  •  f*  r  *  * 


S  .  /if 


;  /  -  v  i 


fj  with  _  '■  0 


V>  .  -  V 
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Proof.  Fix  y  =  y^  >  0  and  choose  f ^ ( x )  =  q^(||x  -  y ^  1 1|  )  = 

y  *1  p  P 

fj  (x)  (say),  f Q( x )  =  qjflMI  +  23y1»yn || x ||  +  ny^/J  in  Lemma  2.3,  where 

p  p 

0  <  B  <  1  and  J  =  q.(||x||  +  2By,  v'njlx  ||  +  ny,)dx  >  0.  Note  that  J  can 

R  1  ' 

be  written  as 

J  =  q>.  ( ( |1  x ||  +  By,/??)2  +  «S)dx 

jRn  a  > 

=  c,  q,  ( ( r  +  0y ,  /n ) ^  +  <5)r  dr 
AJ0  1 

=  c,  q1  ( r2  +  5 ) ( r  -  -r)n_1dr  <  °° 

since  1  =  [  q-,  ( ||  x  ||  2)dx  =  c1|q1(r2)rn'1dr.  Here  c.  is  a  constant, 

JRn  i  ,  ij0  i 

x  =  eyj/n  >  0  and  6  =  ny^(l  -  B^)  >  0.  Clearly,  fQ(x)  e  F^O)  because  q-^ ( • ) 
is  nonincreasing  in  ||x||  for  t  >  0.  Hence,  by  Lemma  2.3  with  K  =  J  and 
v  =  0,  the  test  *  with  critical  region 

ql(l|x-  y,!!!2)  1  qx(  II X  || 2  +  ZSvj^nll  x|l  +  ny2)  (2.8) 

is  MP  for  testing  Hj :  h  e  F^(0)  versus  h  =  fj  provided  E^[^]  <_  a  for  all 

f  e  Fj(0) .  Since  qj  is  nonincreasing,  (2.8)  yields  the  test  <j>j  with  the 

critical  region  v  _>  -6.  However,  by  (3)  of  Proposition  1,  the  distribution 

of  v  when  y  =  0  is  independent  of  h  e  FQ(0)  3  F^O).  Hence  ^  is  MP  for  test- 

U1 

mg  H^  versus  f  =  f^  and  hence  UMP  against  f^  because  ^  is  independent  of 
the  fixed  yj  >  0.  Finally,  note  that  P{v  >  -B>  _>P{v  >  0}  =  ^-  for  any 
h  e  Fj(0).  Hence  the  theorem. 

Since  the  UMP  test  <j>j  for  a  fixed  in  F^(y)  is  independent  of  q^,  we 
immediately  have 

CQRQLLARV  2.2.  For  problem  (2.3),  <j>j  is  UMP  whenever  ^  <_  a  <  1. 
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3.  TWO-SIDED  TESTING  PROBLEMS 

In  this  section  we  deal  with  the  following  two  testinq  problems: 

For  a  fixed  h  6  F^u),  u  =  0  versus  u  t  0  unknown  (3.1) 

H^:  h  e  ( 0 )  versus  K^:  h  %  F^p),  u  f  0  unknown.  (3.2) 

Note  that  the  classes  of  level  a  test  functions  relevant  for  these 
two  problems  are  respectively  (^(h)  and  defined  in  (1.10)  and  (1.7). 
As  in  Section  2,  let 


tf*(h)  -  {*  e  lf|*(v,w)  6  Ca(h)},  h  e  F2(0)  (3.3) 

»;  =  {♦«  c^utv.w)  e 

where  17°  is  the  class  of  all  level  a  tests  based  on  (v,w).  Further,  let 
K(v:  u.w)  =  g(  v  ,w;  u)/  g(v,w:  u)dv  (3.41 

i 

be  the  conditional  density  of  v  given  w  where  g(v,w:  a)  is  given  in  (2'  o* 
Proposition  1.  Note  that  K(v:  o,w)  =  rQ(v).  fr°r  a  test  function  ;  €  r\  let 

rl 

•H  ( <l>  ,(u  ,w,h) )  =  EU(v,w)|K(*:  u,w))  =  ♦  (v,w)k(v:  -  ,w)dv  3  . t 

J-l 


be  the  conditional  power  of  t,  given  w,  which  reduces  tc  the  ccnd -i  1 1  or>a 1 
size 

:1 

n($  ,(o,w,h))  r  EqU(v.w))  =  |  t  (  v  ,w)  rQ{  v 'dv 


under  u  =  0.  Finally,  let  kLJ(h)  and  *5  1 '  h  '  be  '-espec*  •  *e’  .  “e 
conditional  unbiased  tests  of  level  i  in  l'a  and  the  c’ass  o'  •  r o •  ♦  •  na’ 
similar  tests  of  level  i  in  tf1  for  h  «?  def,ned  as 
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KUa( h)  =  {*  «  lf(h)|Ej[*(vtw)]  <  a  a.a.(w.h),  (3.7) 

w(<j> , (u ,w ,h) )  >_  a  for  all  n  ^  0  a.a.(w,h)} 

<Sa(h)  =  { €  E^l  Eq  [<*»  ( v  ,w)  ]  =  a  a.a.(w.h)}. 

It  is  easy  to  verify  that  for  each  fixed  h  e  ( u ) »  the  conditional 
power  tt($  ,(u  ,w,h) )  is  continuous  a.a.(w,h)  at  u=  0,  which  yields  the 
relation 

KUa(h)  <=KS*(h)  for  each  fixed  h  e  F^u).  (3.8) 

We  are  now  ready  to  state  the  first  main  result  of  this  section. 


THEOREM  3 , 1 .  For  oroblem  (3.1),  the  two-sided  t-test  ^  defined  in 
(1.2)  is  UMP  in  the  class  of  tests  in  KSa(h)  satisfying 


E g l v t ( v  , w ) j  =  0  a .a . (w  ,h) . 


.,2 


(3.9) 


Proof .  Write  h ( x )  -  q(  jx  -  cl  )  where  q  is  fixed  nonincreasing 
and  convex,  and  consider  the  problem  of  testing  c  =  0  versus  c  =  Uj  f  0  in 
t^e  conditional  density  *(v:  u,w)  in  (3.4).  Obviously  KSa(h)  is  the  class 
o*  size  i  tests  for  this  problem.  Now  by  the  generalized  Neyman-Pearson 
Lemma,  a  test  :*  which  maximizes  the  conditional  power  *  (  $  ,  ( ^  ,w  ,h ) )  sub- 
ec  t  to  ‘  Q '  1  $  q ' ven  bv 


1  i  *  *  i  v  :  ..  j  ,w'  C  j  r  (  v  '  *  C  ,vrQ(  v  ) 

0  otherwise 


3.101 


whe>e  c ,  .mt  ...  are  constants  chosen  to  satisfy  the  size  .  condition 
5  !  :  *  i  an  •  .  '*  is -no  2  of  Proposition  1  and  the  convex  it.  cf 


■  ♦  * 


'W- 


p.is 


t  a  t 


i  s  equ  ivd'ent  t.r 
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!1  if  v  >  b  or  v<a 

(3.11) 

0  otherwise 

which  is  clearly  independent  of  .  From  (3)  of  Proposition  1,  due  to  the 
symmetry  of  rg(v),  we  get  that  the  constants  a  and  b  satisfying  EqU*)  =  a 
and  (3.9)  must  obey  the  relation  -a  =  b  =  c  (say).  Therefore  41*  =  <p2>  and 
hence  for  any  <j>  e  JCSa(h)  satisfying  (3.9)  and  for  any  u  f  0,  we  get 

ir(4>2,(p  ,w,h) )  >_  ir  (<t>  ,{y  ,w,h) )  a.a.(w,h).  ,  (3.12) 

Taking  expectations  with  respect  to  w  in  both  sides  of  (3.12)  proves  the 
theorem. 

In  view  of  the  relation  in  (3.8)  and  the  fact  that  <j> 2  e  KUa(h),  we 
immediately  conclude 

COROLLARY  3.1.  For  problem  (3.1),  <f>2  1S  UMP  in  the  class  of  tests  in 
KUa( h)  satisfying  (3.9). 

We  next  consider  problem  (3.2).  Let 

KUa  =  n  KUa ( h ) ,  KSa  =  n  fCSa(h)  (3.13) 

heF2(0)  heF2(0) 

denote  respectively  the  class  of  conditional  unbiased  tests  of  level  a  in  Va 
and  the  class  of  conditional  similar  tests  of  level  a  in  Va  appropriate  for 
this  problem.  Also  let  Ua  and  Sa  be  respectively  the  class  of  unbiased  tests 
of  level  a  in  V?  and  the  class  of  similar  tests  of  level  a  in  V?  defined  as 

U a  =  {46  C^[tt(<j»  ,(0,h) )  <_  a  for  any  h  6  ^(0) 

ir(4>,(p, h))  >_  a  for  any  h  e  F^(u)  and  y  f  0} 

S0  =  (4  e  P2|ttU  ,(0,h) )  =  a  for  any  h  e  F2 ( 0) } . 


(3.14) 
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where  irU.U.h))  h  E[$(v,w)J  is  the  power  function  of  $  under  h  e  F^fu). 
The  various  relationships  amongst  these  four  classes  are  given  below. 


LEMMA  3.1 .  (1) 

Klf 

c  U“ 

(2) 

ua 

c  f 

(3) 

=  S“. 

Proof.  (1)  follows  from  the  definitions  of  Kif1  and  11 a.  (2)  follows 

from  the  easily  verifiable  fact  that  for  any  <J>  e  and  any  h  e  F^p), 

"U»(u,h))  is  continuous  in  p.  To  show  (3),  note  that  KSa  c  Sa  follows 

2  2 

from  the  definitions.  On  the  other  hand,  since  N(p)'=  {N(y,o  )|o  >  0}  c  F^p) 

and  w  is  complete  for  N(0)c  F,,(0),  it  follows  that  ir($,(0,h))  = 

EglEgU(v  ,w)  |  w)  ]  =  a  necessarily  implies 

Eq  1 4>  ( v  .w )  ]  =  a  a.a.(w,h)  for  all  h  e  F,,(0), 
which  shows  S01  c  <5°.  This  completes  the  proof  of  the  lemma. 

Our  main  result  for  problem  (3.2)  is  the  following. 

THEOREM  3.2.  For  problem  (3.2),  the  two-sided  t-test  <J>2  is  UMP  in  Sa 
i .e . ,  UMP  simi lar . 

Proof.  By  Theorem  3.1  and  (3)  of  Lemma  3.1,  it  is  enough  to  show 

that  any  $  6  Sa  satisfies  (3.9).  Assuming  h  e  F^(p)  is  the  density  of 
2 

N(pl,o  In),  it  follows  that  when  p  =  0, 

Eg[v#(v  ,w)  j  =  *Ji E g ( v J  =  0  (3.15) 

because  the  derivative  of  "U,(p,h))  at  p  =  0  is  zero  and  because  w  is 

2  2 

complete  for  N(0)  ;  fN(0,c  I  )Jo  >0}.  However,  by  Proposition  1,  (3.15) 

_  r. 

is  true  for  any  h  e  F^(0).  This  completes  the  proof. 
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Since  <j>g  6  ^ ,  by  (2)  of  Lemma  3.1  we  immediately  get 

COROLLARY  3.2.  For  problem  (3.2),  <j>,,  is  UMP  in  Ua,  i.e.  UMP  unbiased. 

4.  t-TEST  WITH  INVARIANCE 

It  is  well-known  (Kariya  (1981))  that  when  the  density  of  x  is  given 
by  (1.3),  the  one-sided  t-test  4^  is  UMPI  for  testing  y  =  0  versus  y  >  0 
for  any  fixed  nonincreasing  q  and  the  two-sided  t-test  <p ?  is  UMPI  for  test¬ 
ing  y  =  0  versus  y  f  0  for  any  fixed  nonincreasing  and  convex  q.  The  grouDS 
leaving  the  problems  invariant  are  respectively  given  by  =  R+  x  0(n)  and 
G2  =  R*  x  O(n),  where  R+  =  (a  >  0},  R*  =  (a  €  R|a  f  0},  0 (n)  =  {r  e  0(n)jrl  =  1), 
and  0(n)  is  the  group  of  n  x  n  orthogonal  matrices.  Maximal  invariants  under 
Gj  and  G 2  with  group  actions  (y,r)(x)  =  yrx,(y,r)  6  G.,  i  =1,2,  are  re¬ 
spectively  v  and  |vj  ,  and  the  classes  of  invariant  level  a  tests  are  respec¬ 
tively  given  by 

=  {<|>e  P°|<j>  is  based  on  v  only,  Egl$]  <  a)  (4.1) 

J°  =  (4>  6  (4.?) 

Since  the  null  distribution  of  v  does  not  depend  on  q  ivide  Kariya  (1981)), 
it  follows  from  (2.4)  that 

f2  cjJ  e  Cg  c  pj  c:if(h),  heF2(0).  (4.3) 

In  fact,  the  following  result  holds. 

LEMMA  4.1  .  $  Pjj . 


Proof.  Take  any  test  function  <Hw)  f  constant  and  any  <p(v)  e  J 
Then  the  test  defined  by  ^(w)$(v)  6  Pg  because  Eq[^(w)4»(v)]  =  <J>(w)Eq[<j>(v)]  <  a 
However,  <|i(w)$(v)  $  J^,  completing  the  proof. 

Consequently,  for  the  one-sided  testing  problem,  the  results  in 
Corollary  2.1  are  somewhat  stronger  than  the  result  that  is  UMPI . 

An  analogous  result  is  obtained  below  for  the  two-sided  testing  problem. 
Recall  the  definitions  of  5a  and  given  in  (3.14)  and  (4.2)  respectively. 

LEMMA  4,2.  ^  Stt. 

Proof.  Note  from  Proposition  1  that  h  e  ( 0 )  ,  v  and  w  are  independent 

and  the  densities  are  respectively  qiven  by  r^(v)  and  r.(w)  where  q  depends 
on  h.  The  conditional  size  condition  Eq  [  4.  ( v  ,w )  J  =  a  and  the  conditional 
similarity  condition  (3. 9j  can  be  expressed  as 


( v  ,w)rQ(  v)dv  =  a 

a .a . (w ,h  e  F^ ( 0 ) ) 

(4.4) 

V4(V  ,w)rQ( v)dv  =  0 

a .a . (w ,h  e  F?( 0) ) . 

(4.5) 

Now  take  two  tests  ,.^(v)  and  .^(v)  based  on  v  only  which  are  functionally 
independent  and  satisfy  (4.5)  with 

?i  =  [0 i ( v)r0( v)dv  ,  i=l,2 

and  r  j  1  •  :•  7  ■  0.  Next  choose  any  two  tests  ,  jfwl  and  ,^iw!  based  on 
w  only  which  sa t i s  fy 

j  ■  j  (  W|  ♦  ,'w  ,  . 

finally,  define  the  test  :*'v,w)  .  j ' v  : .  j ( w '  ♦  .  , '  v  ' .  , '  w  r 1 ea  > ■  1  i  ; * 

satisfies  Eq!:#!v,w);  1  and  constant  does  depend  nontrivial1,  ,,r  *  . 

T h 1 s  completes  the  proof 

t  ..  I  1  f  1  r  1 

Clearly  f cr  5  We  will  construct  a  test  i'o,  w  e  s'  hut  t 


{ 


1 

REFERENCES 


[1]  Kariya,  T.  (1981).  Robustness  of  multivariate  tests.  Ann.  Statist. 

9,  1267-1275.  - 

[2]  Kariya,  T.  and  Eaton,  M.L.  (1977).  Robust  tests  for  spherical  sym¬ 
metry.  Ann.  Statist.  5,  206-215. 

[3]  Lehmann,  E.L.  (1959).  Testing  Statistical  Hypotheses.  John  Wiley 
and  Sons,  New  York. 

[4]  Lehmann,  E.L.  and  Stein,  C.  (1948).  Most  powerful  tests  of  composite 
hypotheses.  Ann.  Math.  Stat.  19,  495-516. 

[5]  Lehmann,  E.L.  and  Stein,  C.  (1949).  On  the  theory  of  some  nonpara- 
metric  hypotheses.  Ann,  Math.  Statist.  20,  28-45. 


